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The description of multicomponent mixtures, with an expression for the free energy or the entropy in the form of a density
functional [1, 2], is extended to the case when the system contains surface phases, when the finite number of particles of the
mixture can be linked with certain geometrical surfaces. Equations are obtained which define the static state and hydrodynamic
flows for a mixture with an arbitrary number of volume and surface phases. © 2001 Elsevier Science Ltd. All rights reserved.

We previously considered [1, 2] the case of a continuous distribution of the components of a mixture
in a volume. A description of the surface layers was possible in this case, strictly speaking, when the
mean distance between molecules of the mixture is considerably less than the layer thickness. If this
condition is not satisfied, the approach proposed in this paper must be used.

1. DESCRIPTION OF THE SURFACE PHASES IN CLASSICAL
THERMODYNAMICS

We will consider surface phases arises in a layer of infinitesimal thickness that on a solid surface which
is in contact with a multicomponent mixture (i.e. adsorption layers). The classical thermodynamic
description of such systems enables a number of general relations to be established [3] for equilibrium
states, ignoring the spatial arrangement of the phases. In particular, it is assumed that the properties
of the surface are everywhere the same.

We briefly describe below some results of classical thermodynamics, which will be required later. The
Latin subscripts #, j and k take values 1, ..., K, corresponding to the numbers of the components of
the mixture. Summation over repeated sub- or superscripts is understood.

For a homogeneous state in the volume, T, is the absolute temperature, S, is the entropy, U, is the
internal energy, N,; is the number of particles of the component with number i in moles, and V' is the
volume of the mixture. Similarly, for a homogeneous state on the surface, 7 is the absolute temperature,
S, is the entropy, U is the internal energy, Ny; is the number of particles of the component with number
i in moles and A is the area of the surface corresponding to the state considered.

The following differential relations hold

TdS,=dU,-»,dN,+ pdv

(1.1)
T,dS, = dUs - xydN,; + p,dA

Here »,; and »; are the chemical potentials of the component with number i for states in the volume
and on the surface, respectively, p,, is the hydrostatic pressure, and p; is the surface tension with the
opposite sign. We postulate that the volume entropy S, = §,(U,, N,;, V) and the surface entropy
S, = Sy(Us, Ny;, A) are homogeneous first-order functions. This property, in conjunction with differential
relations (1.1), leads to the equations

7;/ Sf =Uu %y Nli+BlV' 7;‘S.\'=Us_x:iNsi+psA (12)

Using the property of homogeneity, we can determine the values of the entropy per unit volume
s, = §,/V as a function of the energy density u, = U,/V and of the volume densities of the components
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n,; = N,;/V, and also the entropy per unit area s; = S,/4 as a function of the surface energy density
u, = U,/A and of the surface densities of the components n; = N/A.

Here relations (1.1), (1.2) have the following analogies in terms of the volume and surface densities
(o =v,5s)

Tydsg =dug —ngdng, ToSg =g —Xgilgi + Py (1.3)

Consider the situation when there are L, homogeneous states in the volume and L; homogeneous
states on the surface. Quantities related to one of the homogeneous sates will be indicated by a
superscript Latin capital letter — the number of the state. Neglecting the interface effect, we can write
the following expressions for the total entropy, energy and numbers of particles of the system components

S =Z4 SA+Z,88 (1.4)
U =Ea UM +Z5U7, Ny =Z, N +ZpN] (15)
L, L
(ZA =Y, Ip=3% )
A=l B=1

A stable equilibrium multiphase state ensures an absolute maximum of functional (1.4) for specified
values of the energy (the first relation of (1.5)), the number of particles of the components (the second
relation of (1.5)), and also of the total volume and area

Ve =Z,VA, Ay =ZpA°0 (1.6)

tot
The problem of finding the maximum of functional (1.4) with constraints (1.5) and (1.6) can be reduced
to the problem of constructing a convex shell of a certain auxiliary function. We will describe this procedure.
For an arbitrary set of values of the energy U, the number of particles of the components N;, the
volume V, and the area 4 we determine the (K + 2)-dimensional vector with components

2y =UIN, ..., 2.1 =NJIN, ..., 2k .1 = VIN
2k =AIN; N=Ny + N+ .. +Ng,n=1, ., (K-1)

In view of the property of homogeneity of the entropy functions mentioned above, we can define the
following auxiliary functions

hy = h(2) = =S (U, N, V)IN
hy = hy(z) = -S,(U, N;, A)N
h=h(z) = min(h,(2), h,(2))

We will assume that the functions S, and S, are non-negative and vanish when V' = 0 and when
A = 0 respectively. This assumption agrees with the third law of thermodynamics.

Then, finding the maximum of functional (1.4) with constraints (1.5) and (1.6) is equivalent to the
standard problem of convex analysis [4, 5] of constructing a convex shell of the function 4(z). The extreme
points [4, 5] of this convex shell #+(z) correspond to stable homogeneous states, i.e. phases. The expansion
of an arbitrary state z in a linear combination of extreme points

L
z M4, h(2)= 2, Mh(z);, T A =1, AM=0
A=l A=l
is interpreted physically as the decomposition of a state of the mixture, descrlbed by the vector of the
mean values of z, into phases z* with corresponding molar fractions A*. One of the consequences of
the well-known Carathéodory theorem [4, 5] on the number of extreme points is the following constraint
on the number of phases

L=L,+L;<K+3

We recall that there is a more restrictive constraint on the number of phases for the states of the
mixture in the volume, namely, L < K + 2.



The description of a multicomponent mixture by the density functional method 473

If an equilibrium heterogeneous state exists, the conditions for an extremum of functional (1.4) are
the necessary conditions for thermodynamic equilibrium. Relations (1.3) enable us to formulate these
conditions in the form of equality of the temperatures and chemical potentials in all the phases

=T =T, wi=x5=x, (1.7)

and also equality of the pressures for the volume phases and equality of the surface tensions for the
surface phases

A_

pl=pn. pPl=p. (1.8)

Conditions (1.7) remain true if we take the interface effect into account. Conditions (1.8) are changed:
interphase jumps in the pressure and surface tension, which depend on the curvature of the interface,
appear in them.

2. THE DENSITY FUNCTIONAL METHOD IN STATICS

Suppose the mixture occupies a spatial region D with a smooth boundary dD. We will assume that 0D
coincides with the surface of the fixed and undeformed solid phase, on which it is possible for adsorption
layers to form. If the characteristic thickness of the adsorption layer is much less than the characteristic
radius of curvature of the surface oD and of the characteristic dimensions of the region D, we can assume
that the layer is of infinitesimal thickness.

Here and below the Latin subscripts a, b and ¢ take the values 1, 2, 3, corresponding to Cartesian
coordinates in the space x“; the Greek superscripts o, B and v, take the values 1 and 2, corresponding
to curvilinear coordinates on the surface y®, d, = d/0x” and V is the covariant derivative on the surface
corresponding to the induced metric. Summation over repeated sub- or superscripts is implied. We will
use the following notation for the derivatives for the functions g, which depend on the absolute
temperature T and on the molar densities of the components #;,

og og

gj:?)?’ &i on;

We will take the expression for the total energy of the mixture in the form

Soe=] 0,dV+ | 0.dA (2.1)
D aD

1 1
19u =% _Eaaa Eaa 7:/ _Eaijaa nu'aa"lgi
8, =5, — LBV TV,T — LB ¢V 4 v
s =5 _-Z_Bg als ﬁTS —'Z_Bijg a’tsi ¥ plty;

The entropy densities s, and s; are assumed to be functions of T,, n,; and T, ng; respectively,
a = a(T,,n,) > 0,B =B(T;,ny) >0, oy = o(ny) and B = By(ny) are positive-definite symmetrical
matrices and g, is the metric on the surface dD.

The case when expression (2.1) contains only the first term was investigated previously in [2]. The
second term is introduced to describe the surface phases, taking into account the interface structure,
by analogy with the first term.

Remark. Expression (2.1) contains no terms having products of the temperature gradients and the density gradients, and the
coefficients «; and B are independent of the temperature. This ensures that theory is compatible with the zeroth law of
thermodynamics [2], i.e. with the condition that the temperature should be the same in all parts of the system for equilibrium
states.

We will also employ the usual expressions for the total internal energy and the numbers of particles
of the components

Ug =] (4 +p,9)dV+ [ (u;+p,@)dA (2.2)
D oD
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Niw J ndV + J ngdA (2.3)

In expression (2.2) @ = @(x") is the gravitational potential, p = mn,;, p, = m;n,; are the mass densities
and m; is the mass of a mole of the component with number ;.
Varying functional (2.1) we obtain the expression

88,01 =J' (@0 8T, +@,,8n,)dV + [ (% 8T, +%,;8n,, + P37, + D _;3n,;)dA 2.49)
oD
D, = s,,,+2ara 70, T, +0;0,T,0,n,+0AT,

1 1
d)ui =80 Ea,iaa T;Jaa 1;/ —'Eajk.iaa"lg'aa ny +a1j.kaa nukaanly' +aijA"j
o =100, T, x= 1,00, 1

1
Do =57+ EB,TgaBVuT;VBT; + ﬁ,igaBVaTsz”si +BAT,

b, =5 .-—a,g“"v T,V,T, - —B],“g PV oy Vgny +

i
+Bq kg V nSkVBnSj+BU s .v

Here /, is the inward normal to the boundary D and A, = 9,9, A, = gaBVaVB.
The conditions for an extremum of functional (2.1) for specified values of the quantities (2.2) and
(2.3) has the form

8Sxot )"OSUIOI +A; BNI ot = (2‘5)

where A and A; are Lagrange multipliers. Substituting expression (2.4) into (2.5) we obtain the equalities
60 — )\,ouo‘r = 0, q)Ui - lo(ua_,— + m,(p)+ A.‘- = O, g=v,s (2'6)
XO = 0, Xi =0 (27)

Relations (2.7) are the boundary conditions for Eqs (2.6) when ¢ =

The physical meaning of the Lagrange multipliers was discussed prewously in[2]. For a homogeneous
state in a volume in which there are no gravitational forces, we have the relations Ag = T, A; = T %,
In exactly the same way, for a homogeneous state on the surface when there are no gravitational forces
the following equations hold: g = T;4, A, = T 'x,.

Expression (2.1) is compatible with the zeroth law of thermodynamics, which asserts that for
thermodynamic equilibrium the temperature in all parts of the system is the same. The following lemma
confirms this.

Lemma. For a specified density distribution in the volume n,; = n,,(x*) and on the surface ng; = ny(y*)
the maximum of functional (2.1), with additional condition (2.2), is reached at a certain temperature,
which is the same at all points of the mixture.

Proof. For a specified value of 1, a temperature T, exists such that Eq. (2.2) is satisfied when T,, = T, = T\,
This is a consequence of the monotonic temperature dependence of the functions u, and

w, +>0, u;, >0 (2.8)

For brevity, we will denote quantities calculated when T, = T, = T by an additional zero subscript. We will

take a certain arbitrary temperature distribution T, = T,(x), T, = T,(y), which satisfies Eq. (2.2). It is obvious
that

S-Sy <[ (5, - 80)dV+ | (5,-5,0)dA (2.9)
D oD
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where the equality sign only applies when T, = T; = T,. In addition, the following equality holds

0= (u, ~uyg)dV+ | (u;—uy)da (2.10)
D oD

Note that, by virtue of inequalities (2.8), the following inequalities hold

a‘Z
[ So] =-T5%u5lr <0; o=v, s

2
dug

We therefore have the relations
So =500 =Ty (Ug —ugp)+ag; G=v, s .11)

where a, < 0, a; < 0, and the equality signs only apply when T,, = T and T; = T respectively at the given
point. Substituting (2.11) into the right-hand side of inequality (2.9) and using (2.10) we obtain the assertion of
the lemma.

It was shown in [1] the Eqs (2.6) when o = v describe, in particular, the interface structure in a volume.
We will show, using a simple example, how Eqs (2.6) describe the interface structure on a surface when
c =35

We will consider the one-dimensional case (which corresponds to a cylindrical surface dD) without
gravitational forces. Suppose y is the corresponding spatial coordinate. By the lemma, we can assume
T, = const. The change in surface densities is described by the group of equations (2.6) with o = s

¢Si - lous'i + Xi =0 (2.12)

1
Dy =5, - 5 Bj.idyngoyny + Bj.x9ynudyng; + Bijainsj
This is a system of K equations in K unknown ng; = ng(y). It can be interpreted as a system of Lagrange

equations for the Lagrangian

L=%B,~j8 ngo ng — s +Aoug = A;n

y st i'%si

In particular, we have the integral
1
J= Eﬁijaynsiaynxj +5; — Agu, + A;ng;

If there are several singular points of system (2.12) on the surface J = const, solutions ny; = ng(y)
can exist which converge to singular points asy — =* eo. These solutions describe the interface structure
for coexisting phases corresponding to the singular points.

Hence, the one-dimensional problem of the interface structure on a surface is formally completely
analogous to the corresponding one-dimensional problem in a volume [1]. For non-one-dimensional
problems (for example, for surfaces which differ from cylindrical) the multiphase states on a surface
may have qualitatively new geometrical properties. The problem must be investigated by methods of
the theory of elliptical systems of differential equations on two-dimensional surfaces.

3. THE DENSITY FUNCTIONAL METHOD IN DYNAMICS

We will take as the equations of the dynamics of a mixture the usual hydrodynamic equations of the
conservation of the components, momentum and energy. In the volume the system of these equations
has the form

al”vi +aaluai =0
(P, )+ 3, =—p, 3,0 (3.1)
0,(K, +u,)+9,0 =-p,v, 9,0
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Here I, is the flux of the i-th component, v{ = p;lm,-l 2 is the mean mass velocity, I1%® is the momentum
flux, K, = %pvv:vz is the kinetic energy of a particle of the medium and Qf is the energy flux.

In order to write the hydrodynamic equations on the surface we will introduce three-dimensional
basis vectors e5, = dx*/dy” corresponding to the system of coordinates on the surface y*. The set of three-
dimensional vectors e, and the vector of the inward normal to the surface /* form a basis in three-
dimensional space at each point of the surface. The Greek subscripts in the set eg can be raised and
lowered using the metric tensor g,g. By definition, the set of vectors ey satisfies the relations

€x€p = 8op» g“Be{;eé’ +1,0, =8%

For an adsorbed layer the equations of conservation of the components, momentum and energy have
the form

o,n; +V I3 +1,1%=0 (3.2)
3, (pp {)+ VeIl + 1,11 = -p 3,0+ R® (3.3)
0, (K +u )+ Vo002 +1,0) =g +(-p, 3,0+ R ? 34)

Here I is the flux of the component with number i, v* = p;'m,I % is the mass velocity in the layer

in curvilinear coordinates, v§ = v$ €] is the mass velocity in Cartesian coordinates, K, = %psufug‘ is the

kinetic energy of a particle of the layer, 1% is the momentum flux in the layer, R? is the force arising
from the action of the solid phase, QF is the energy flux in the layer and € is the heat-exchange parameter
of the adsorption layer with the rigid body.

It is convenient to rewrite the three equations (3.3) in space in terms of the tangential and normal
components. To do this we will represent the momentum flux and the external force in the form

N = et +EPL,, R =%l +{, (3.5)
n*® =P, EP =M1%P,, r* =R, (=R,

Substituting relations (3.5) into (3.3) and using the equality Vgeg = —bggl®, where byg = dpl’ey is the
second fundamental form of the surface, we obtain

(P, v)+ Vgn® + 8RB +1,e™ I = g% Vyo + r° (3.6)
ngﬁ - nuabq[s + lalbn:b = —pslaaa(P +C

The last equation can be regarded as a definition of the quantity { — the normal reaction of the rigid
body, if all the remaining quantities are known. This equation will therefore not be used henceforth.

In Eqgs (3.1)-(3.3) we will introduce, in the usual way, diffusion fluxes, the stress tensor and the heat
flux vector respectively

b b b
o =I5 -, p =-IL7 +p,uu,
b b
Q: = Q/a ~"(Ku +u, )Uua + P: vy
These equations can then be converted to the form

o,n,; ==0d,(n,v, +Q)) (3.7

p, (3, +vld,) v =0,p —p, 3,9 (3.8)

O, = pPoy,) ~3,(q) +uv®) (3.9)



The description of a multicomponent mixture by the density functional method 477

Similarly, for the surface phases we introduce diffusion fluxes, the stress tensor and the heat flux vector,
respectively

Q% =13-npf, pP=-nPippi?
q¢ =0f ~ (K, +u)vi +pfv]
Equations (3.2), (3.6) and (3.4) can then be converted to the form

o,ny; =-Vo(ny ! +05)=~l,(nv; +05) (3.10)

P(d, +uBVy)u & = Vyp®® —EBbE — 1T — g%Pp Vg + 1 (3.11)

alus = p.?pvausb +§ovsabaﬂ -
Vo (@ +up )+ 1, 0™ -0 +¢ (3.12)

To close the system of dynamic equations (3.7)-(3.12) it is necessary to specify expressions for the
quantities

b
0% b, gt 0% PP, gt &

i.e. to specify material relations. The standard requirement which the material relations must satisfy is
the condition that the production of entropy should be non-negative, i.e. the condition that the change
in entropy, after subtracting the contribution of heat exchange with the surroundings, is non-negative.

We will assume that boundary conditions (2.7) are also satisfied in the dynamic theory. Then, the
derivative with respect to time of the entropy functional (2.1) can be evaluated using Eqs (3.7), (3.9),
(3.10) and (3.12). The result is the expression

as a a a a
I = I (\*‘v ol baauub _aa(q: +u,u, ))+\Fui(—aa("upu +Q/i))dv+
D

+aI (Wi (pPPVov g +EPbog — V, (qF +0 2u) + L0 ™I - Q") +€) +
D

(Vo § +00) =L (np,) + Q0 ))dA (3.13)
where we have used the notation
¥o=Dyour ¥ =D, - D,ou 1y,
b 3

_ -1 _ -1
s0 — d’sO“:,T* \Psi - (bsi -d)sous.Tus.i

To simply expression (3.13) we will introduce the following auxiliary quantities
250 = 00,1, 3, T, ~0;3,m,95m, ; + 85 (9, +'¥, o, +¥,in,,)
zmﬂ = —O‘VaTprTs - aijva"sivﬁnsj +gaﬁ(6s + ‘Psous + \Psi”:i)
These quantities satisfy the identities
al.,b _“uaa\yuo _"uiaa‘*’ui =0 (314)
gmv‘yz’saﬁ - usva‘yso _"siva si =0 (315)
We impose the following additional boundary conditions on the surface dD

R 0= \yso’ \Pui = ‘P.ri (316)

v
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Then, using integration by parts and taking relations (3.14)~(3.16) into account, expression (3.13)
can be converted as follows:

d ,
a5 _ | T/'edA+ | 0,dV+ | o,dA (3.17)
dr 3p D D

cll = \*‘IJ otgbanUb + all‘*‘ll Oq: + aa\PUiQIai

o, = ‘l’sothVuuSB +¥ e bu[, + Vo W,0q" + V, W,,0% + W ql,C°

ab _ _ab ~lcab af __ o -1y

Wo=py _\*‘uozv ’ tSB-pB_\F ZB

C=vlp vl kvl 4ttt - pitut
-l

7;'_\[110

The expression for the change in entropy (3.17) has a canonical form, used in the thermodynamics
of irreversible processes. The first term on the right-hand side of Eq. (3.17) represents the change in
entropy due to the influx of heat. The quantity 7, has the meaning of the generalized temperature. The
reasons why this quantity differs from the temperature T, were discussed previously in [2]. In the
isothermal case all the definitions of the temperatures are identical: T, = T, = T,. The quantities
o, and o, represent the production of entropy in the volume and on the surface respectively. The
condition for the second and third terms on the right-hand side of Eq. (3.17) to be non-negative imposes
considerable limitations on the material relations, although it does not fix them uniquely.

We will present one of the versions corresponding to the classical Newton-Fick—Fourier laws

70 =(n, =%, 8% +1, Ol +ap)
Toap = (M = %1080V 0 { + 1, (Vo g + Vi )
q: = MUOBaa‘PuB' Qzai = MuiBaa‘{‘uB (318)

qg =guBMSOBVB‘yst Qscll =gaBMSiBVB‘PSB

é(! =VUv .?bO.B
1,C7=0
Here n,, W, N, U, v are non-negative dissipative coefficients and M AB ppAB 4, B 0,. K) are
non-negative symmetrical matrices, which satisfy the additional conditions mME =0, m M 8=,

Expressions (3.18), apart from the last one, represent a set of material relatlons which close the
hydrodynamic problem. The last equation of (3.18) is an additional boundary condition, which relates
the velocity field in the volume and on the surface. We emphasize that, in the theory considered, there
is no no-slip condition, since the possibility of adsorption and desorption presupposes a non-zero mean-
mass velocity on dD.

The hydrodynamic model constructed corresponds to the static theory developed in Section 2: the
stationary solutions of the hydrodynamic equations are identical with the solutions of the equilibrium
equations (2.6). The proof of this assertion is completely analogous to the proofs presented previously
in [1, 2].
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